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Oriented Seifert fibered 3-manifold??

@ A 3-dimensional manifold that can be decomposed into a collection of disjoint circles,
called fibers, arranged in a specific way.
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Oriented Seifert fibered 3-manifold??

@ A 3-dimensional manifold that can be decomposed into a collection of disjoint circles,
called fibers, arranged in a specific way.

@ Each fiber neighborhood is homeomorphic to a fibered solid torus
T(a,b) = (D x [0,1])/ ~,

where
- (z,1) ~ (7(),0) for z € D and
- m: D — D denote the counter-clockwise rotation
of the unit disk D C C by 222, with ged(a,b) = 1.
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Oriented Seifert fibered 3-manifold??

@ The image of {0} x [0, 1] (the central axis of the cylinder) in T'(a, b) is called the middle
fiber.
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Oriented Seifert fibered 3-manifold??

@ The image of {0} x [0, 1] (the central axis of the cylinder) in T'(a, b) is called the middle
fiber.

o If a = 1, the middle fiber is called an ordinary fiber, whose neighborhood resembles a
standard solid torus.

o If a > 1, the middle fiber is called an exceptional fiber.

@ The 2-orbifold base of M is the quotient of ¥ x S' by identifying each exceptional fiber
to a point, where 3 is genus-g surface.
The base is a closed connected surface, orientable or non-orientable.
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Standard notation

Oriented Seifert Fibered 3-Manifold

The symbol of an oriented Seifert fibered 3-manifold M that fibers over a genus g 2-orbifold
base is

(eag; (ala bl)', 200y (an: bn))a

where:
@ n > 0 and g > 0 are integers, and

@ each (aj,b;) is a pair of coprime integers with a; > 0, representing an exceptional fiber
forj=1,...,n.

o For an orientable 2-orbifold base, we write € = o; for a non-orientable base, ¢ = n.
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@ The Turaev-Viro invariants were introduced as a state sum for a triangulation of
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SO(3)-Turaev-Viro invariants

@ The Turaev-Viro invariants were introduced as a state sum for a triangulation of
3-manifolds.

@ These are real valued invariants indexed by integers r, which depend on the choice of a
root of unity.

o For any 3-manifold M, odd integers r > 3, and 2r-th root of unity ¢, these invariants
271

are denoted by T'V,.(M,q = e+ ).
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Constructing SO(3)-Turaev-Viro invariants

o Let M be a compact orientable 3-manifold and
consider 7 as a triangulation.
o If O(M) #0, T is a (partially) ideal

triangulation.

[ o I, ={0,2,4,... ,7«_3}} @ I - set of interior vertices that are not on M,

] o F - set of interior edges ,

@ I - set of interior faces, and

@ T - set of interior tetrahedra in 7.

J
I
\/ \*
Admissible coloring of (M,T) at level r - assign elements of I, in a way 6-tuple
assigned to the edges of tetrahedrons of (M, T) satisfies the admissibility conditions.
= J
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Constructing SO(3)-Turaev-Viro invariants - Notations and Definitions

Now, we need the following notations and definitions to explain Admissible coloring of
(M, T) at level r.

Quantum integer {n}

{n} = ¢" — ¢ = 2sin(>5)[m]

n_g—n 2Sin(2"7")

where [n] = L=L- = (3T

a—q

Michigan University
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Constructing SO(3)-Turaev-Viro invariants - Notations and Definitions

Now, we need the following notations and definitions to explain Admissible coloring of
(M,T) at level r.

Quantum integer {n}

{n} = ¢" — ¢ = 2sin(>5)[m]

e 2Sin(2"7")
- QSin(QTW) ’

where [n] = T

Quantum factorial {n}!

{n}! = f[{z}
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Constructing SO(3)-Turaev-Viro invariants - Notations and Definitions

e A triple (7,4, k) is an admissible triple of elements in I, if it satisfies the inequalities:

i<j+k j<i+k, k<i+j i+ji+k<20r—2)
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Constructing SO(3)-Turaev-Viro invariants - Notations and Definitions

e A triple (7,4, k) is an admissible triple of elements in I, if it satisfies the inequalities:

i<j+k j<i+k, k<i+j i+ji+k<20r—2)

e For an admissible triple (4, j, k), define

1
(e e
Ali, j.k) = 7 = {WSZH}! =

where ¢, = 2sin(22T).
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Constructing SO(3)-Turaev-Viro invariants - Notations and Definitions

e A triple (7,4, k) is an admissible triple of elements in I, if it satisfies the inequalities:

i<j+k j<i+k, k<i+j i+ji+k<20r—2)

e For an admissible triple (4, j, k), define

1
(e e
Ali, j.k) = 7 = {WSZH}! =

where ¢, = 2sin(22T).

@ A 6-tuple (4,7, k,l,m,n,0) is an admissible 6-tuple of elements in I, if the triples
Fy = (i,5,k), Fo = (4,1,n), F3 = (i,m,n), and F; = (k,l,m) are admissible.
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Constructing SO(3)-Turaev-Viro invariants - Notations and Definitions

@ For an admissible 6-tuple (i, j, k, [, m,n,0), define quantum 6j-symbol at the root ¢ as

follows.
L. 4 min{Q1,Q2,Q3}
i j ok 1 A (=1)*{z+1}!
=) (v-1) A(Ff)
L-m n al;ll Zmax{Tzl;TzT&n} i {z - TH I {Qc — 2}

where A\=4+j+k+1+m+n, and

T1:z+]+ ) T2:Z+m+n7 T3:]+ +na T4: * +ma
2 2 2 2
t+i+l+m i+k+1l+n | +k+m+n
Q-IT T 5 ; Q2=72 ; Q3=]—2 .
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Constructing SO(3)-Turaev-Viro invariants - Admissible coloring

explained!

@ Let ¢ be an admissible coloring of (M, 7T) at level r.
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Constructing SO(3)-Turaev-Viro invariants - Admissible coloring

explained!

@ Let ¢ be an admissible coloring of (M, 7T) at level r.
o For a coloring ¢ assigned to an edge e €

= lele = (=1)"“le(e) + 1]

@ For each face f of (M,T) with edges ej, es, and e3

- |f|c = A(€1,€2,€3).
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Constructing SO(3)-Turaev-Viro invariants - Admissible coloring

explained!

@ Let ¢ be an admissible coloring of (M, 7T) at level r.
o For a coloring ¢ assigned to an edge e €

= lele = (=1)"“le(e) + 1]

@ For each face f of (M,T) with edges ej, es, and e3

- |f|c = A(€1,€2,€3).

@ For each tetrahedron A in (M, 7T) with coloring ¢, |Al. is the quantum 6-7 symbol
associated with the admissible 6-tuple assigned to A by c.
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SO(3)-Turaev-Viro invariants

SO(3)-Turaev-Viro invariants - Definition

Definition

Let A,(T) be the set of SO(3)-admissible coloring of (M, 7) at level r. Define
SO(3)-version of r-th Turaev-Viro invariant as

TV}(M q) = (»,7’)2|V‘ Z HeeE |e|c HAeT |A|c
" ity gerlfle

2sin(

ﬁ“"
N

where 1’ =
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SU (2)-Witten-Reshetikhin-Turaev invariants - Definition

@ For any 3-manifold M, any integer r > 2, and a root of unity eWTi, this theory produces
a complex-valued invariant RT, (M, e’ ).
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SU (2)-Witten-Reshetikhin-Turaev invariants - Definition

@ For any 3-manifold M, any integer r > 2, and a root of unity eWTi, this theory produces
a complex-valued invariant RT, (M, e’ ).

o The Witten-Reshetikhin-Turaev TQFT is a functor

Category of Category of
(241)-dimensional finite-dimensional C-vector
cobordisms spaces
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SU (2)-Witten-Reshetikhin-Turaev invariants - Definition

@ For any 3-manifold M, any integer r > 2, and a root of unity eWTi, this theory produces
a complex-valued invariant RT, (M, e’ ).

o The Witten-Reshetikhin-Turaev TQFT is a functor

Category of Category of
(241)-dimensional finite-dimensional C-vector
cobordisms spaces

@ The double D(M) is formed by gluing M and its orientation-reverse M along their
common boundary.

eg: double of M=(e,2g;(a1,b1),...,(an,by), (a1,=b1),..., (an,—by))
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Preliminary concepts

SU (2)-Witten-Reshetikhin-Turaev invariants

Relationship between SU(2)-RT,(M, e+ ) and SO(3)-TV,(M,e™")

Theorem (Benedetti-Petronio 1996)
Let M be a 3-manifold with boundary, and r be an odd integer. Then,
TV,(M,e"") = n XM RT,(D(M), ™),

(2T
where x(M) is the Euler characteristic of M and n, = RT,(S%) = 2o ).

T

Jr
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Relationship between SU(2)-RT,(M, e+ ) and SO(3)-TV,(M,e™")

Theorem (Benedetti-Petronio 1996)
Let M be a 3-manifold with boundary, and r be an odd integer. Then,
TV,(M,e"") = n XM RT,(D(M), ™),

in( 2
where x(M) is the Euler characteristic of M and n, = RT,(S3) = QSL\/(;’")

Theorem (Benedetti-Petronio 1996)

For M an oriented compact 3-manifold with empty or toroidal boundary and r > 3 an odd
integer, we have

271

TV, (M, e+ ) = |[RT (M, e™)| .
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Turaev-Viro invariants volume conjecture

Viro invariants volume conjecture Detcherry-Kalfagianni 2020)

For every compact orientable 3-manifold M with an empty or toroidal boundary, we have

2
LTV (M) = lim sup —log|TV,(M, q)| = vs||M]|,
r—oo T

where v runs over all odd integers.
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Preliminary concepts Turaev-Viro invariants volume conjecture

Turaev-Viro invariants volume conjecture

Conjecture (Turaev-Viro invariants volume conjecture Detcherry-Kalfagianni 2020)

For every compact orientable 3-manifold M with an empty or toroidal boundary, we have
. 27
LTV (M) = lim sup —log|T'V,(M, q)| = vs||M]],
r—oo T

where v runs over all odd integers.

o I studied the large r asymptotic behaviour of the Turaev-Viro invariants of oriented
271

Seifert fibered 3-manifolds at the root ¢ = e .
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Results What I used, and what I did

What I did, and what I used

o Used some previous results.

Theorem (Detcherry-Kalfagianni 2020)

Let M be a compact, orientable 3-manifold that is Seifert fibered. Then, there exist
constants A >0 and N > 0, depending on M, such that

TV,(M,q) < Ar.

Thus, LTV (M) < 0.
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What I did, and what I used

o Used some previous results.

e SU(2)-Witten-Reshetikhin-Turaev invariants of oriented Seifert fibered 3-manifolds.
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Results What I used, and what I did

RT,.(M, e of oriented Seifert, fibered manifold

Lemma (Hansen 2001)

Let M be closed, oriented Seifert fibered manifold with symbol (¢, g; (a1,b1),. .., (an,bpn)),
where n > 0 and g > 0 are integers, and where a; > 0 and b; are coprime pairs of integers
for j=1,...,n. The rational Euler number of the Seifert fibration is e(M) = — 3, bj/a;.

Then,
RT.(M e%):e%’ib(arnsgn(e( D—e(M)=123"_ s(bj.a;)]

nraeg/2—1

Intaeg/2—1 /Hj a;

X (—1)%9

ei%(lfaé)sgn(E(M)) Z(e,r) (J\/[a 67(7] )
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Continued

Lemma (Hansen 2001)

i
Z(e,r)(Ma er ) =
ime(M)y? = 7i:,1”j * 2 %
(—1)7‘1695 27 Hj:l nie J i <27ij(;¥‘vi’l‘jbj)+27"7";nvjbj >
J J
E(%H) sinn+ee9=2 (/1) Zm Hj €
where

@ j ranges over {1,...,n}

o (v,p,m) = (v,(1,.-,pn), (M1,...,my)) Tanges over
{1,2,...,r =1} x {£1}" X Z/a1Z %X ... X Z]a,Z.
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What I did, and what I used

o Used some previous results.
e SU(2)-Witten-Reshetikhin-Turaev invariants of oriented Seifert fibered 3-manifolds.

o Easy formula was obtained by computing it for
D(M) = (¢,2g; (a1,b1), ..., (an,by), (a1, =b1), ..., (an, —by)) and assuming = divisible by
A:=lem(aq,. .., a,) for mod A.
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Results What I used, and what I did

Observation

'En (Hj+Nn+j)

j=1 a;r

Sin2n+2aeg72(

i [Ty (jtinsi)e
Z) { ™ /T)

(7.1

27"7”]' (’\,+H'jb;) 27rm]- ("(7;1"+jb;f)

ﬁzei(%‘) .ﬁzei( g )}

Jj=1m; Jj=1m;
e For Z . (D(M), eﬁTi) # 0, there must exist some v that satisfy
v+ pyb; = 0(mod a;) and v — pip450; = 0(mod ay).
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Results What I used, and what I did

Observation

'En (Hj+Nn+j)

j=1 a;r

—iTy
2oy [15=1 (pjnsj)e
Sin2n+2aeg72 (7.(,7/7,.)

27m ('\,+u,jb;) 2mm (’y—;l”+jbf)

f (5 g (5]

Jj=1my;
e For Z . (D(M), eﬁTi) # 0, there must exist some v that satisfy
v+ pyb; = 0(mod a;) and v — pip450; = 0(mod ay).

@ i.e., p which contribute to the existence of v is of the form (u1, ..., fin, —f41, .-, —fin)-
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Results What I used, and what I did

Observation

'En (Hj+Nn+j)

j=1 a;r

Sin2n+2aeg72(

i | (jtnig)e
Z) { m™y/7)

(7.1

27"7”]' (’\,+H'jb;) 27rm]- ("(7;1"+jb;f)

ﬁzei(%‘) .ﬁzei( g )}

Jj=1m; Jj=1m;
e For Z . (D(M), eﬁTi) # 0, there must exist some v that satisfy
v+ pyb; = 0(mod a;) and v — pip450; = 0(mod ay).

@ i.e., p which contribute to the existence of v is of the form (u1, ..., fin, —f41, .-, —fin)-

@ That is, the expression Z. .\ (D(M), eﬂTi) # 0 if and only if there exist a solution
ye{l,..., A1} for v + p;b; = 0(mod a;) for j =1,...,n where p are of the form
(:ulv"'v,unviuls"'a*,un)-

Shashini Marasinghe Mic State University



Results What I used, and what I did

What I did, and what I used

o Used some previous results.
e Goalis LTV (M) > 0.

e SU(2)-Witten-Reshetikhin-Turaev invariants of oriented Seifert fibered 3-manifolds.
e Easy formula was obtained by computing it for
D(M) = (¢,2g; (a1,b1), ..., (G, bp), (a1, =b1), ..., (an, —by,)) and assuming r divisible by
A:=lem(ay,. .., a,) for mod A.

@ Relationship between SO(3)-Turaev-Viro invariants and
SU(2)-Witten-Reshetikhin-Turaev invariants.
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Lemma

Lemma (Marasinghe 2025)

Let M be an oriented Seifert fibered 3-manifold described by the symbol

(e,g; (a17 bl)’ AR (am bn))a

and let D(M) be the double of M. Suppose that there is an integer v > 0 and

= (p1, ..., fin) with p; = £1 such that v + p;b; = 0(mod a;) for j =1,...,n. Then, for

r divisible by A := lem(aq, ..., ay),

TV, (D(M),e7)| > 1,

and
|TV(Mer )| > 1.
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What I did, and what I used

@ Used some previous results from.
e Goalis LTV (M) > 0.
e SU(2)-Witten-Reshetikhin-Turaev invariants of oriented Seifert fibered 3-manifolds.

e Easy formula was obtained by computing it for D(M) double of M and assuming r
divisible by A :=lem(aq, ..., ay) for mod A.

@ Relationship between SO(3)-Turaev-Viro invariants and
SU (2)-Witten-Reshetikhin-Turaev
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Results = Results

What I proved: Condition

Theorem (Marasinghe 2025)
Let M be an oriented Seifert fibered 3-manifold with boundary, described by the symbol
(e,9;(a1,b1), ..., (an,by)).
Suppose that there is an integer v > 0 and p = (1, . . ., pn) with pj = £1 such that
v+ kibj = 0(mod a;)

forj=1,....n. Then, M and D(M

) satisfy Turaev-Viro invariants volume conjecture.
That is, LTV (M) = LTV (D(M)) = 0.
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Results

What I proved: Applications

Corollary (Marasinghe 2025)

Let M be an oriented Seifert fibered 3-manifold with boundary, described by the symbol

(e,9;(a1,b1), ..., (an,by)).

If either
(a) ai,...,a, are relatively coprime; or
(b) a1 =...=a, = a and there are uy,. .., p, such that p1b; = ... = pyb), (mod a),

then M and D(M) satisfy Turaev-Viro invariants volume Conjecture.
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Results = Results

What I proved: Applications

Corollary (Marasinghe 2025)

Suppose M and D(M) are 3-manifolds in the statement of the main Theorem. Let L be a
link in M or D(M) that has simplicial volume (a.k.a. Gromov norm) zero. Then,
Turaev-Viro invariants volume conjecture is true for L.

State University
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Thank You!

Any Questions?
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